In this paper, we study an integrable coherently-coupled nonlinear Schrödinger system arising from low birefringent fibers and weakly anisotropic media. We construct the Nth iterated Darboux transformation (DT) in the explicit form and give a complete proof for the gauge equivalence of the associated Lax pair. By the DT-based algorithm, we derive the N-soliton solutions which can be uniformly represented in terms of the four-component Wronskians. We analyze the properties of coherently coupled solitons, revealing the parametric criterion for the non-degenerate solitons to respectively display the one-and double-hump profiles. In addition, we point out that the doublehump solitons may have potential application in realizing the multi-level optical communication.
Introduction
Coupled (or symbiotic) solitons with two or more components (modes) [1] have been experimentally observed in the AlGaAs planar wave guides [2] , birefringent optical fibers [3] , photorefractive materials [4] , and fiber laser resonators [5] . In the Kerr or Kerr-like media, the co-propagation of two optical fields is usually governed by the coupled nonlinear Schrödinger (NLS) system [6] , i q j,z + q j,tt + 2 |q j | 2 + |q 3− j | 2 q j = 0
which is also known as the Manakov system [7] . Equation (1) is said to be incoherently because the coupling is phase insensitive [8] . One of the most attractive properties associated with (1) is the Manakov soliton collision [3, 9 -19] . Due to the intensity-coupling structure in (1) , the collisions of the Manakov solitons with the internal degrees of freedom are more complicated than those for the scalar ones [9 -14] . Depending on the pre-collision soliton parameters, (1) can exhibit the shape-changing collisions along with energy redistribution between two components, as well as shapepreserving collisions without energy transfer between two components [9 -14] . Such two kinds of collisions are both considered to be elastic in the sense that the total energy of each coupled soliton is conserved [14] . It should be mentioned that the shape-changing collisions have been experimentally observed for the spatial coupled solitons in the Kerr-like media [15] and temporal ones in the linearly birefringent optical fibers [3] . More importantly, the Manakov soliton collisions have brought about the potential applications in implementing the all-optical digital computation [16, 17] and designing the 'solitonets' which are complex networks made up of interacting fields [18, 19] . In low birefringent fibers or weakly anisotropic media, one has to take into account the coherent coupling between two optical fields (that is, the coupling is dependent on relative phases of the interacting fields [8] ). In this case, the propagation of two optical fields in a Kerr-type nonlinear medium is described by the following coherently-coupled NLS system [20, 21] : i q j,z + q j,tt + 2 |q j | 2 + 2 |q 3− j | 2 q j − 2q j q
where the bar means complex conjugate, t represents the retarded time for the temporal case or transverse direction for the spatial case, z the propagation direction, q j (j=1,2) are slowly varying envelopes of two interacting optical fields, the terms |q j | 2 q j , |q 3− j | 2 q j and q j q 2 3− j are responsible for the self-phase modulation, cross-phase modulation, and coherent coupling for the energy exchange between two fields, respectively.
As an integrable model [21] , (2) governs the propagation of optical beams in nonlinear Kerr media with linear optical activity and cubic anisotropy [20] , and the trapping of two orthogonally polarized optical pulses in an isotropic medium with the three components χ
xyxy , and χ (3) xyyx of the third-order susceptibility tensor χ (3) subject to the relation χ
xyyx [21] . It has been shown that (2) admits degenerate and non-degenerate solitons, where the former is of the usual sech profile [22 -25] , while the latter contains more free parameters and can display both the one-and double-hump profiles [24 -27] . In the optical communication lines, the binary data '1' and '0' can be respectively represented by the presence and absence of an optical soliton, and thus the proximity of individual solitons determines the bit rate of a fiber communication system [6] . As a kind of complex objects formed by the superposition of two fundamental solitons, the double-hump solitons may be appropriate candidates for the multilevel communication in the birefringent or two-mode fibers [28] .
In this paper, we will study (2) from the following three aspects: (i) Authors of [26, 27] have constructed the once-iterated DT and given the general scheme of Nth iterated DT. However, the explicit form of the Nth iterated DT as well as its rigorous proof was absent in [26, 27] , and the uniform determinantal representation of N-soliton solutions has also not been obtained. In the way of [29] , we will explicitly construct the Nth iterated DT for (2) and represent the general Nsoliton solutions in terms of the four-component Wronskians. (ii) To our knowledge, the parametric conditions under which the one-and double-hump solitons can be respectively generated are still uncovered. Via the extreme value analysis, we will study the properties of coherently coupled solitons in (2) . (iii) The shapechanging collisions of coupled solitons have potential applications in virtual digital computation [16, 17] and all-optical switching [30] . Authors of [24, 25] have reported the shape-changing collisions between degenerate and non-degenerate solitons. We will explore whether such nontrivial collisions can occur between two degenerate (or non-degenerate) solitons.
Nth Iterated Darboux Transformation
In this section, we will construct the Nth iterated DT in the explicit form for (2) and give a complete proof for the gauge equivalence of the Lax pair associated with (2) .
In the frame of the 4 × 4 Ablowitz-Kaup-NewellSegur inverse scattering formulation [31] , the Lax pair of (2) takes the form [21] 
with
,
where I is the 2 × 2 unit matrix, Ψ = (ψ 1 , ψ 2 , ψ 3 , ψ 4 ) T (the superscript T signifies the vector transpose) is the four-dimensional vector eigenfunction, λ is the spectral parameter, and the compatibility condition
We assume the Nth iterated eigenfunction transformation for Lax pair (3) be of the form
in which
and V N (λ ) being the same as U(λ ) and V (λ ) except that q 1 and q 2 are respectively replaced by the Nth iterated potentials q 1N and q 2N , and T N (λ ) is the undetermined Nth iterated Darboux matrix
where δ i j is the Kronecker delta function, a
with λ = λ k , and
with λ =λ k [26, 27] . On the other hand,
, and {Φ k } N k=1 are four sets of linearly-independent solutions. Hence, the functions a
For convenience of calculating a
Cramer's rule, we introduce the following matrices and vectors:
Hereby, (10a) -(10d), with the change of the order of equations, can be written in the matrix form
By Cramer's rule, one can obtain from (17a) -(17d) that
where τ = |A τ |; χ i j and χ i j (1 ≤ i, j ≤ 2) are the following determinants:
To verify the form-invariance of Lax pair (3), we need to prove that
are satisfied with the Darboux matrix T N (λ ) given by (5) , in which a
. Based on Lemmas 1 -3 (see Appendix), we can arrive at the following proposition: (5) obeys the conditions in (27a) and (27b), provided that a
, and the Nth iterated potential transformations are given by
Proof. We equivalently prove that the Darboux matrix
where
where deg[ f (λ )] represents the degree of the polynomial f (λ ). On the other hand, Lemmas 1 and 2 imply that u hl (λ ) and v hl (λ ) (1 ≤ h, l ≤ 4) can be exactly divided by det T N (λ ). That is to say, the matrices U N (λ ) and V N (λ ) are of the form
Substituting ( 
which can be reduced to (28) by virtue of the relations (A.2a) -(A.2d) in Lemma 3.
As suggested by Proposition 1, the Darboux matrix T N (λ ) assures that the new eigenfunction Ψ N = T N (λ )Ψ also satisfies Lax pair (3) for the new potentials q 1N and q 2N in (28) . That is to say, the compatibility condition Ψ N,tz = Ψ N,zt yields the same (2) except for q 1N and q 2N instead of q 1 and q 2 , respectively. Therefore, for a given set of linearly-independent solutions
of Lax pair (3), the eigenfunction transformation (4) and potential transformations (28) constitute the Nth iterated DT: (2), where the Darboux matrix T N (λ ) is determined by (17a) -(17d).
Soliton Solutions in Terms of the Four-Component Wronskians
In this section, we will derive the four-component Wronskian representation of the N-soliton solutions to (2) by the above Nth iterated DT algorithm starting from q 1 = q 2 = 0. On this basis, we will find the parametric conditions for the generation of one-and double-hump solitons, and analyze the collisions of degenerate and non-degenerate coupled solitons in (2) . For convenience, we use the subscripts R and I to represent the real and imaginary parts, respectively.
For a given set of complex parameters {λ k } N k=1
(λ k = λ l ), we solve Lax pair (3) with q 1 = q 2 = 0 and λ = λ k , obtaining
where the phase θ k = −iλ k t − 2 iλ 2 k z; α k , β k , γ k , and δ k are complex constants. Substitution of (35) into (28) gives the four-component Wronskian solutions to (2) as follows:
. Note from Lemma 3 that τ is a real function, and χ i j and χ i j (1 ≤ i, j ≤ 2) obey the relations:
On the other hand, via the Laplace expansion technique, we can obtain the following four-component Wronskian identity:
Combining (40) and (41), we have 2
which implies that the function τ has no zeros in the tz-plane 
(c) k ≤ N. Therefore, we can safely say that (36) together with (37) -(39) represent the N-soliton solutions to (2) if α k , β k , γ k , and δ k are not all equal to zero. As remarked in [11 -13] , we can without loss of generality take α k = 1 for 1 ≤ k ≤ N. That is to say, the Nsoliton solutions to (2) are in general characterized by 4 N complex parameters
, which is greater than the number of those obtained by the nonstandard Hirota method in [24, 25] .
With N = 1, (36) imply the following three families of one-soliton solutions:
Solutions (43) and (44) are both degenerate in the sense that they represent only the one-hump solitons. In both the two cases, the components q 1 and q 2 have the same intensities. Solution (45) is non-degenerate because it could describe either the one-or double-hump soliton, depending on the choice of parameters. In order to figure out the dependence of the soliton profiles on the parameters in (45), we take the derivatives of |q j | 2 ( j = 1, 2) with respect to ξ 1 , giving that
which suggests that the maxima of |q j | 2 are related to ∆ j ( j = 1, 2) defined by
For the case ∆ j ≤ 0, it is seen from (46) that |q j | 2 has only one maximum
along the line ξ 1 = 
, which is reached along two lines in the tz-plane:
(ii) The soliton does not change its shape and remains the separation between the two humps during propagation. (iii) The formulae for the distance between the two humps in |q j | 2 is explicitly given by
which tells us that one hump will be separated with the other one further and even to the infinity as the value of (2) . Here, we make the asymptotic analysis of (36) with N = 3, finding the following collision properties: (i) In the collisions among by virtue of (10a) (or (10c)) and calculate the adjoint matrix T * N (λ k ) (or T * N (λ k )). Next, we remove the tand z-derivatives, respectively, for the first columns in T N,t (λ k ) and T N,z (λ k ) (or T N,t (λ k ) and T N,z (λ k )) by taking the t-and z-derivatives of (10a) (or (10c)) and using the fact that Ψ k,t = U(λ k )Ψ k and Ψ k,z = V (λ k )Ψ k (or Φ k,t = U(λ k )Φ k and Φ k,z = V (λ k )Φ k ). Then, we check u hl (λ k ) = 0 and v hl (λ k ) = 0 (or u hl (λ k ) = 0 and v hl (λ k ) = 0) for 1 ≤ h, l ≤ 4. Finally, we follow the above procedure to reach the same results by utilizing (10b) (or (10d)), which suggests that λ k andλ k (1 ≤ k ≤ N) are the twice-repeated roots of u hl (λ ) and v hl (λ ) (1 ≤ h, l ≤ 4). from which, the relation (A.2c) can be derived by means of Cramer's rule.
